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In recent years, there has been a significant increase in the development of the railway system. Despite the huge benefits of railways,
one of the main drawbacks of this mode of transport is vibrations caused by vehicles in service, especially in the case of trams
circulating in urban areas. Moreover, this undesirable phenomenonmay be exacerbated by the presence of irregularities in the rail-
wheel contact.Thus, an analytical model able to reproduce the vibrational behavior of a real stretch of tram track was implemented.
Besides, a simulation of different types of corrugation was carried out by calculating in an auxiliary model the dynamic overloads
generated by corrugation.These dynamic overloads fed the main model to obtain the vibrations generated and then transmitted to
the track.
1. Introduction
The development of new railway networks as well as the
improvement of the already existing tracks has become a
worldwide priority. At the same time, externalities derived
from railway operations have been identified as a major
drawback for this mode of transport, with vibrations being
one of the externalities which must be highlighted. Vibra-
tions, caused by vehicles in service, are propagated from
the railway superstructure, and they may affect people or
structures in the surrounding areas. Thus, major efforts have
been focused in minimizing the potential effect of vibratory
waves on elements placed outside of the transport system,
being necessary to study their nature and mechanisms of
generation, transmission, and propagation.
Railway vibrations are originated by the rail-wheel con-
tact, so contact surfaces of both elements have a huge
influence on the wave features of generated vibration, as
stated by [1]. Tough different rail irregularities are able to
modify the running surface and, therefore, cause specific
vibrations; this study has been focused on the vibrational
effects caused by corrugation.
Corrugation is a widespread pathology which can be
found in all types of railroads. Reference [2] established that
given a particular rail profile, corrugation can be considered,
in one hand, both as a wavelength-fixing mechanism which
depends on the dynamic features of the railroad and as a
damage mechanism induced by dynamic loads. This finally
results in a change in the rail profile determining new
wavelengths as far as new damage, thus constituting a cyclic
and progressive process. Besides, these authors classified the
structural pathologies depending on the wavelength-fixing
mechanism and on the damage mechanisms and proposed
some treatments to reduce them. Reference [3] extended
the research of causes of corrugation and suggested new
treatments to prevent its progress.
More recently, [4, 5] after studying the development of
corrugation by finite elementmodels (FEM) in different types
of railroads, we concluded that curves with small radii favor
the appearance of wear, with the damage placed under those
wheels circulating in the inner side of the curve.
Furthermore, at high speeds, the performance against
corrugation is better in slab tracks than in ballasted tracks. A
different point of view was contributed by [6], who analyzed
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the influence of pad stiffness when corrugation appeared in
the low rail of a curve in Bilbao’s underground.Those authors
considered a multibody model for the vehicle and, applying
[7] proposals, predicted frequencies at which corrugation is
more likely to occur. Besides, they demonstrated that elastic
pads reduce corrugation by suppressing some wavelengths
that otherwise will be developed.
Different prediction models for corrugation have been
described until now, acquiring special relevance to know how
imperfections in rails surface affect the vibrations induced
to the track. Dynamic overloads originated by corrugation
were calculated by [8] and then implemented in a discrete
FEM to assess the vibrations derived from it.They concluded
that frequencies associated with those continuous defects can
be determined by the quotient between train speed and the
wavelength associated with this imperfection.
By using a three-dimensional model of wheel-rail inter-
action, [9] predicted the evolution of wear as well as its effect
on the dynamic behavior of the track. According to this study,
being the speed of the vehicle and the wavelength associated
with corrugation constants, the larger the amplitude, the
higher the dynamic overloads and wear derived from corru-
gation. Moreover, with the rest of parameters being constant,
the greater the corrugation wavelength, the lower dynamic
overloads and wear. In addition, the vertical stiffness of the
different elements of the track was noted as a determining
factor on the corrugation properties (i.e., amplitude and
wavelength).
Reference [10], by using a FEM in a moving reference
system, analyzed the vehicle-track interaction. On the surface
of a rail, a sinusoidal corrugation was simulated, concluding
that all the dynamic responses (displacement, loads, and
acceleration) induced by this irregularity keep this sinusoidal
shape. It was also found that the greater the severity of the
defect, the higher the dynamic overloads generated. As for
the speed, its influence on the dynamic response of the track
was demonstrated. When forces in the wheel-rail contact
were measured, it was found that both displacements and
accelerations grew with speed.
In the present paper, an analytical model based on that
used by [11] was implemented to reproduce the vibratory
behavior of a tram track. Vibration data obtained in a
campaign of measurements were used to calibrate the model.
Once proved the ability of the model to reproduce the
vibratory phenomenon from the real track, corrugation will
be introduced in the model and its effect on the vibrations
transmitted to the ground will be analyzed. This will require
the use of an auxiliary model, as that presented by [12]
is able to calculate those dynamic overloads generated by
corrugation and transmitted to the track. Thus, once the
dynamic overloads are obtained, they will be introduced
in the main model to calculate the vibrations generated by
this irregularity. Furthermore, a sensibility analysis of the
different parameters involved in the generation of dynamic
overloadswill be carried out to unravel thosewho are relevant
in the vibration phenomenon and thus act on them.
This model may be useful to predict vibrations generated
by the track corrugation and after establishing acceptable
vibratory levels, it may allow determining the optimum
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moment to carry out the maintenance operations. Further-
more, the present analytical model can also be employed
to calculate those track overloads due to corrugation which
generate not only an aggravation of the rail irregularities but
also premature deterioration of the rest of the track, as stated
by [3].
2. Analytical Modelization of the Track
Theaimof this section is to describe themodelization process
of the stretch of the tramway track studied, as well as its
analytical resolution. In addition, the data, obtained in a
measurement campaign and used to calibrate the model, will
be presented. Thus, a model able to reproduce accurately the
vibratory behavior of the studied track has been obtained and
then discussed.
2.1. Description of the Tramway Track Stretch. The cross-
section of the track studied is constituted by a Ph37N
rail embedded in elastomeric material, which are housed
in a 15.5 cm thick surface layer made of concrete blocks.
The surface layer is on a reinforced concrete slab of 22 cm
thickness, which rests on a 25 cm thick layer of lean concrete
as shown in Figure 1.
The tram in service on this stretch of track is a Voss-
loh 4100 series as shown in Figure 2. Its service speed is
35 km/h—with 100 km/h being its maximum speed—and
transmits an axle load of 100 kN. The vehicle is composed of
two motorized passenger cars at both extremes and another
placed in the middle of them. The distance between axles of
a same bogie is 2m, and the distances between bogies are in
turn 12.54m, 4.70m, and 12.54m.
2.2. Description of the Track Model. A bidimensional model
able to calculate stresses and displacements is considered
following [11, 13].
A system integrated by three layers representing the
different materials that compose the track is developed. As
stated in the previous section, a Phoenix rail and the elas-
tomeric material are placed in the first layer and composed of
concrete blocks.The second layer represents the concrete slab
and the third one the lean concrete. Note that an indefinite
depth for ground located under the last of these three layers
(Boussinesq half space) is assumed.
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The rail has been represented as a Timoshenko beam
following [14], with its movement equations being those
described by [3]
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where 𝐴 is the cross-sectional area, 𝐴
𝑘
is the shear cross-
sectional area, 𝐸 corresponds to Young modulus, 𝐼 is the
inertia in 𝑦-axis direction, 𝜌 is the rail mass density, 𝑤 is the
vertical rail displacement, 𝜃 is the angular displacement, and
𝑞(𝑥, 𝑡) is the applied load depending on position and time.
Otherwise, the features of materials composing the layers
are shown in Table 1.
By assuming a low viscosity between layers and following
the researchmade by [15] the displacements can be expressed
by means of the following vectorial equation:
(?̂? + 𝜇)∇
𝑥,𝑧
(∇
𝑥,𝑧
d) + 𝜇∇2
𝑥,𝑧
d = 𝜌𝜕
2d
𝜕𝑡
2
, (2)
while d = (𝑢(𝑥, 𝑧, 𝑡), 0, V(𝑥, 𝑧, 𝑡)) represents the displacement
of each layer, with 𝜌 being the mass density for each layer.
Meanwhile, ?̂? and 𝜇 are the parameters employed to describe
the viscoelastic behavior of each layer, as stated by [15].Those
parameters will be calibrated by using experimental data.
2.3. Load Modeling. When modeling loads, two different
situationsmust be distinguished.Ononehand, the quasistatic
loads, which are due to the weight of the train traveling at a
speed𝑉-, must be taken into account. On the other hand, the
dynamic overloads, which are the result of irregularities in the
rail-wheel contact, will be discussed.These irregularities may
be caused by defects in rails or wheels, joints between rails, or
corrugation.
The introduction of the harmonic loads which represent
the dynamic overloads in the model is made following [16].
These harmonic loads can be written as 𝑃
𝑗
(𝑡) = 𝑃
0𝑗
cos(𝜛
𝑗
𝑡),
where 𝑃
0𝑗
and 𝜛
𝑗
represent, respectively, the magnitude and
the characteristic angular frequency for each load.
The effect of quasistatic loads can be introduced as a
dynamic overload with a null characteristic angular fre-
quency, as stated by [13] or following the Zimmermann
formulation, as described by [17]. Because of computational
time reasons, in this paper the second procedure will be
followed.
Table 1
𝐸 (Pa) ] 𝜌 (kg/m3)
Paving blocks 2.25 ∗ 10∧9 0.25 2400
Reinforced concrete 2.73 ∗ 10∧10 0.25 2400
Lean concrete 2.25 ∗ 10∧10 0.2 2300
According to the Zimmermann method described by
[17], the displacement of the rail due to a quasistatic load can
be expressed as
𝑑
4
𝑧
𝑑𝑥4
+
𝑘
𝐸𝐼
𝑧 = 0. (3)
Imposing the appropriate boundary conditions (point load,
symmetry of the deformed shape of the rail, and disappear-
ance of loading effect with distance) leads to the following
expression for the vertical displacement developed by [17]
𝑧 =
𝑄
2𝑏𝐶
4
√
𝑏𝐶
4𝐸𝐼
𝑒
−𝑥/𝐿V (cos 𝑥
𝐿V
+ sin 𝑥
𝐿V
) , (4)
where 𝑄 is the transmitted load, 𝑏 is the gauge, 𝐶 is an
equivalent ballast coefficient, and 𝐿V is an elastic length
defined as
𝐿V =
4
√
𝑏𝐶
4𝐸𝐼
. (5)
Once rail vertical displacements have been calculated, by
renaming 𝑥 = 𝑉 ⋅ 𝑡, where 𝑉 is the tram speed and 𝑡 is time,
they are differentiated twice with respect to time to obtain the
desired accelerations.
2.4. Analytical Solution. Following [16], in order to solve the
high complexity that often implies integration of movement
equations, the Lame´ potentials and Fourier Transformwill be
used. Thus, the movement of the beam representing the rail
can be written as
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2
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1
(𝑘, 0, 𝜔) .
(6)
And the expressions for layers motion expressed in terms of
Lame´ potentials are
𝑑
2 ̃̃𝜑
𝑑𝑧
2
− 𝑅
2
𝐿
̃̃𝜑 = 0,
𝑑
2 ̃̃𝜓
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2
− 𝑅
2
𝑇
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(7)
where ̃̃𝜑 and ̃̃𝜓 are the Lame´ potentials expressed in the
frequency-wave number domain. The 𝑅
𝐿
2 and 𝑅
𝑇
2 functions
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represent the longitudinal and shear wave transmission
speed, respectively, with their expressions being as follows:
𝑅
2
𝐿
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−
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,
(8)
where 𝜆∗ and 𝜇∗ are the parameters which define the
damping of the track and 𝑐
𝐿
and 𝑐
𝑇
represent the velocities
of the longitudinal and shear waves in the layer.
Then, the expressions for the displacements (9) and (10)
and stresses (11) and (12) can be written as
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Solving the system (7) and replacing ̃̃𝜑 and ̃̃𝜓 in (9)–(12):
̃̃𝑢
𝑗
(𝑘, 𝑧, 𝜔) = 𝑖𝑘 (𝐴
1
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝐿𝑗
𝑧
+ 𝐴
2
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝐿𝑗
𝑧
)
+ 𝑅
𝑇
𝑗
(𝐴
3
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝑇𝑗
𝑧
− 𝐴
4
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝑇𝑗
𝑧
)
̃̃V
𝑗
(𝑘, 𝑧, 𝜔) = 𝑅
𝐿
𝑗
(𝐴
1
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝐿𝑗
𝑧
− 𝐴
2
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝐿𝑗
𝑧
)
− 𝑖𝑘 (𝐴
3
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝑇𝑗
𝑧
+ 𝐴
4
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝑇𝑗
𝑧
)
̃̃𝜎
𝑍𝑍
𝑗
(𝑘, 𝑧, 𝜔) = 𝐶
1
𝑗
(𝐴
1
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝐿𝑗
𝑧
+ 𝐴
2
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝐿𝑗
𝑧
)
+ 𝐶
2
𝑗
(𝐴
3
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝑇𝑗
𝑧
− 𝐴
4
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝑇𝑗
𝑧
)
̃̃𝜎
𝑍𝑥
𝑗
(𝑘, 𝑧, 𝜔) = 𝐷
1
𝑗
(𝐴
1
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝐿𝑗
𝑧
− 𝐴
2
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝐿𝑗
𝑧
)
+ 𝐷
2
𝑗
(𝐴
3
𝑗
(𝑘, 𝜔) 𝑒
𝑅
𝑇𝑗
𝑧
+ 𝐴
4
𝑗
(𝑘, 𝜔) 𝑒
−𝑅
𝑇𝑗
𝑧
) ,
(13)
where
𝐶
1
𝑗
= (
̃̂
𝜆
𝑗
+ 2̃̂𝜇
𝑗
)𝑅
2
𝐿𝑗
−
̃̂
𝜆
𝑗
𝑘,
𝐶
2
𝑗
= −2𝑖𝑘̃̂𝜇
𝑗
𝑅
𝑇
𝑗
,
𝐷
1
𝑗
= 2𝑖𝑘̃̂𝜇
𝑗
𝑅
𝐿
𝑗
,
𝐷
2
𝑗
= ̃̂𝜇
𝑗
(𝑘
2
+ 𝑅
2
𝑇
𝑗
) .
(14)
Boundary conditions are set so that the displacements
between adjacent layers are equal and stresses between them
are balanced. Furthermore, no horizontal rail movement and
the vanishing of radiated vibrations as the soil depth increases
are assumed.
Therefore, replacing the boundary condition of each layer
in (13) follows the expression M ⋅ A = q, where M is
a coefficient matrix, A is the vector of coefficients to be
calculated, and q is the vector of loads acting on the system.
Following [15], once the motion and stresses expressions
have been obtained in terms of deepness and in frequency-
wave number domain, they are returned to the space-time
domain by using the inverse Fourier transform. In order to
optimize this process the displacements are written in terms
of the wave number domain and then the expression of
the inverse Fourier transform is converted into an addition
following [14].
The accelerations in each layer are obtained by dif-
ferentiating twice, with respect to time, the displacement
expressions from the inverse Fourier transform.
Total accelerations generated and transmitted to the
surrounding ground are obtained through superposition of
quasistatic and dynamic overloads.
In order to provide reliability to the model, a measure-
ment camping was carried out as aforementioned. Data,
obtained by triaxial accelerometers FastTracer Sequoia, have
been processed and compared with those calculated in the
model. After calibrating the damping parameters of the
layers, the result of comparison between model and real data
is shown in Figure 3.
Figure 3 shows the ability of the model to represent the
peaks of vibrations and clearly reproduce the effect of passing
passenger cars and their bogies through the stretch of the
track. However, as shown in Figure 3, measured data (green)
is much noisier than the modeled one (red). These noisier
accelerogram recordings may be due to the numerous factors
intervening in the real vibratory phenomenon such as rails
and wheels imperfections. In contrast, only few harmonic
loads have been considered in the model to simulate these
irregularities. Amplitudes and angular frequencies of these
harmonic loads have been obtained after analyzing the
Fourier spectrum of the registered data, taking their more
significant values. To more accurate results, a larger number
of harmonics might be considered, with the drawback of an
increased computational time.
It must be highlighted that, due to the typology of track
studied, it was not possible to set the accelerometers in the
rail, so they were placed next to the elastomeric material
where the rail was housed. Then, the data registered with
the accelerometers were influenced by the presence of this
elastomeric material.
3. Analysis of Corrugation
Simulation and analysis of the effect of corrugation in the
model presented in the previous section will be addressed.
The procedure will be as follows: dynamic overloads caused
by the presence of corrugation on the rail will be calculated by
using an auxiliary quarter car model and then the influence
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in dynamic overloads of parameters which define rail irregu-
larities will be discussed.
Dynamic overloads generate an increase of vibrations and
wear, with the first one being the objective of this research.
Thus, overloads will feed the model described in Section 2
as harmonic forces in order to obtain the accelerations
generated by rail irregularities.
3.1. Quarter Car Model. The vehicle can be modeled in dif-
ferent ways depending on the number of degrees of freedom
given to the system: it can range from hundreds of degrees of
freedom allowed by commercial multibody systems (MBS) to
systems with a single degree of freedom constituted by amass
attached to the track by a spring.
Between both extreme cases, the following can be found:
(i) the quarter car model, which will be presented below; (ii)
the half car system, it takes into account the sprung masses,
the semisprung masses, and the unsprung masses; and (iii)
the full car models, these allow us to take into account not
only the displacements of masses but also their rotation with
respect to each axis.
Nevertheless, from the point of view of the main model
and the fact that the loads introduced only have a vertical
component, using a full bogie model would be an unneces-
sary computational expense. Moreover, [18] experimentally
demonstrated that the influence on the dynamic stresses of
the sprung and semisprung masses is negligible compared to
the unsprung masses.
Therefore, to calculate the dynamic overloads generated
by corrugation, a quarter car system will be implemented
using MATLAB software. In this model, the masses of the
vehicle are discomposed in sprung and unsprung masses.
The compatibility of strengths and displacements between
both masses are solved by a spring and a damping element.
Meanwhile, the strength transmission between the unsprung
masses and the rail is performed by an equivalent spring,
which takes into account not only the stiffness of the rail-
wheelHertzian contact but also the stiffness of the underlying
track.
The expressions governing the behavior of the quarter car
model are as follows:
𝑚
2
𝑥
󸀠󸀠
2
+ 𝑘
2
(𝑥
2
− 𝑥
1
) + 𝑐
2
(𝑥
󸀠
2
− 𝑥
󸀠
1
) = 0,
𝑚
1
𝑥
󸀠󸀠
1
− 𝑐
2
𝑥
󸀠
2
+ 𝑐
2
𝑥
󸀠
1
− 𝑘
2
𝑥
2
+ (𝑘
2
+ 𝑘
1
) 𝑥
1
− 𝑘
1
𝑧 = 0,
(15)
x2
x1
m1
k1
k2 c2
m2
z
Figure 4
Table 2
Quarter car model values
𝑚
1
(kg) 500
𝑘
1
(N/m) 32,000,000
𝑚
2
(kg) 4,000
𝑘
2
(N/m) 501,745
𝑐
2
(N⋅s/m) 875
where: 𝑚
1
: unsprung mass per wheel, 𝑘
1
: contact stiffness,
𝑚
2
: sprung mass per wheel, 𝑘
2
: primary stiffness, 𝑐
2
: primary
damping, 𝑥
𝑖
: displacement of the 𝑖th mass, 𝑥󸀠
𝑖
: velocity of the
𝑖th mass, and 𝑥󸀠󸀠
𝑖
: acceleration of the 𝑖th mass.
In Figure 4, a quarter car model sketch can be seen.
In Table 2 the values for the mass, stiffness, and damping
are shown.
Problem resolution is performed by the Laplace transfer-
ence function and, once the accelerations of bothmasses have
been obtained, dynamic overloads are calculated as follows:
𝐹dyn = 𝑚1𝑥
󸀠󸀠
1
+ 𝑚
2
𝑥
󸀠󸀠
2
. (16)
3.2. SensitivityAnalysis. Real rail profilesmay be compared to
a sum of sinusoids of different amplitudes and wavelengths.
Therefore, in order to analyze the effect of a particular
corrugation phenomenon, the profile of the affected track is
modeled as a sinusoidal function, which is defined by wear
amplitude and wavelength. Furthermore, the speed of the
train in service is needed to be taken into account due to
the dynamic performance of the analysis. When studying the
influence of these parameters on the dynamic overloads, an
amplitude 𝐴 = 0.25mm, a wavelength 𝜆 = 0.5m, and a speed
𝑉= 50 km/h are set.Then, with two of these parameters being
fixed, the third one will be modified in order to analyze its
influence on dynamic overloads.
It must be highlighted that overload values given for each
amplitude, speed, and wavelength correspond to the maxi-
mum absolute value of the stationary part of the overload
function. The reason for this choice is to consider the most
unfavorable case from the point of view of track design,
maintenance, and security.
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Figure 5 shows the influence of the speed of the tram
on dynamic overloads, being the amplitude and wavelength
of corrugation: 𝐴 = 0.25mm and 𝜆 = 0.5m. From this
analysis, it can be affirmed that dynamic overloads growwhen
increasing the speed of the vehicle.
On the other hand, the influence of wavelength on
dynamic overloads, being 𝐴 = 0.25mm and 𝑉 = 50 km/h,
is shown in Figure 6. In this graph, the peak obtained when
the wavelength is about 0.1mmust be highlighted. Following
[19], natural frequencies of the system are calculated as the
root of the eigenvalues of
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑘
1
+ 𝑘
2
𝑚
1
−𝑘
2
𝑚
1
−𝑘
2
𝑚
2
𝑘
2
𝑚
2
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
. (17)
Then, the natural frequencies are 894.9302 rad/s and
9.4815 rad/s, the wavelength being associated with first
natural frequency: 𝜆 = 0.0975m, which corresponds to the
wavelength estimated from Figure 6.Then, it can be said that
for this wavelength—being the speed of the vehicle and train
and track features constants—a resonance phenomenon will
appear.
FromFigure 7, it can be noticed that, far from thosewave-
lengths affected by the resonance phenomenon, dynamic
overloads decrease when the wavelength of the irregularity
increases. That is, the farther the distance between two
consecutive irregularities, the lower the forces transmitted to
the track.
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Figure 8 shows the influence of wear amplitude on
dynamic overloads, being 𝜆 = 0.5m and 𝑉 = 50 km/h. This
leads us to affirm that the higher the amplitude, the greater
the overload. Furthermore, it must be noticed that overloads
and corrugation amplitude are linearly related.
Taking into account the strong nonlinear behavior of the
vehicle-track system, the linear behavior of the amplitude
of corrugation must be explained. In order to assess the
validity of the results obtained with the quarter car model, a
multibody model has been implemented with the VAMPIRE
commercial software and the influence of the amplitude has
been studied. The results are exposed in Figure 9.
From Figure 9, two different behaviours of the relation
amplitude-dynamic overloads are shown. On one hand,
when the amplitude of corrugation is lower than 1mm, the
overloads generated by this pathology show a quasilinear
behaviour for both models. On the other hand, when the
amplitude exceeds this value a nonlinear behaviour can
be appreciated for the multibody model but its behaviour
remains quasilinear when dynamic overloads are calculated
with the quarter car model.
Thus, it can be concluded that the quarter car model
described in this paper only is able to be used when the
amplitude of the defect considered is lower than 1mm.
In conclusion, since it is not feasible that amplitudes
higher than 1mm appear in a tram track as the one proposed
in this study and the quarter carmodel presents the advantage
of its simplicity when comparing with the multibody model,
the use of this model has been justified. Nevertheless, before
using this model for other types of railroads where higher
amplitudes may be reached a preliminary study must be
carried out.
3.3. Definition of Different Scenarios. Below, a simulation of
different scenarios will be performed. Irregularities simulated
by the model will be added to the imperfections already
present in the calibrated track. The values used in these
simulations are shown in Table 3.
Note that in themodel a punctual contact betweenwheels
and rails is assumed. Therefore, when simulating wear of
a very short wavelength and high amplitude it would be
necessary to check the veracity of this hypothesis. Thus, it is
Mathematical Problems in Engineering 7
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Table 3
𝑉 (km/h) 35 50 80
𝐴 (mm) 0.1 0.25 0.5
𝜆 (m) 0.3 0.5 1
established that the curvature of the sinusoid representing the
rail must be greater than wheel curvature.
Wheel curvature is 1/𝑅
𝑤
.
The curvature of the sinusoid representing the rail can be
expressed as 𝑦 = −𝐴 sin(𝑘𝑥) so: 𝑦 = −𝐴 ⋅ sin(2𝜋𝑥/𝜆). By
differentiating twice with respect to the position:
𝑦
󸀠󸀠
=
4𝜋
2
𝜆2
⋅ 𝐴 ⋅ sin(2𝜋𝑥
𝜆
) . (18)
So the maximum curvature of the rail is (4𝜋2/𝜆2)𝐴m−1.
Relating both curvatures,
1
𝑅
𝑤
≤
4𝜋
2
𝜆2
𝐴. (19)
Then, the wavelength of the irregularity considered must
satisfy
𝜆 ≥ 2𝜋√𝐴𝑅
𝑤
. (20)
After verifying that all of them satisfy (20), the scenarios are
discussed in Table 4.
Table 4
Scenario 𝑉(km/h)
𝐴
(mm)
𝜆
(m) 𝐹din max (N)
𝑎max
(m/s2)
Case 1 35 0.25 0.5 1.7783𝑒 + 04 2.44511
Case 2 50 0.25 0.5 3.8228𝑒 + 04 4.77442
Case 3 80 0.25 0.5 1.0621𝑒 + 05 12.3465
Case 4 50 0.1 0.5 1.5291𝑒 + 04 4.62642
Case 5 50 0.5 0.5 7.6456𝑒 + 04 4.92609
Case 6 50 0.25 0.3 1.1547𝑒 + 05 5.69606
Case 7 50 0.25 1 8.4703𝑒 + 03 4.01358
From the results for the dynamic overloads, the behavior
predicted by earlier Figures 5–8 is confirmed: high speed,
high wavelengths, and low amplitudes generate higher values
for dynamic overloads.
Furthermore, in general, the higher the dynamic overload
generated by corrugation, the greater the maximum acceler-
ations generated and transmitted to the track. However, this
affirmation is not satisfied in all cases (see cases 1 and 7). As
discussed in Section 2, this is due to the fact that the whole
behavior of the system is determined by not only dynamic
overloads, but also the quasistatic ones, which depend on
speed.Thus, although in case 7 lower dynamic overloads have
been obtained compared to case 1, the influence of the vehicle
speed causes the greater accelerations generated in case 7.
4. Conclusions
The aim of this paper was to implement a model able
to reproduce the vibratory behavior of a tram railroad,
where a measurement campaign was conducted. Then, after
confirming its correct behavior, a simulation of corrugation
in that track was performed.
For this purpose, an analytical model has been imple-
mented in theMathematica software based on that developed
by [16]. Subsequently, a morphological calibration was car-
ried out.
An auxiliary quarter car model was implemented to
evaluate the dynamic overloads generated by corrugation,
and the following conclusions were obtained: the greater the
speed of the vehicle and the amplitude of the defect, the
greater the dynamic overloads transmitted to the track. On
the other hand, the higher corrugation wavelength, the lower
overloads generated.
Dynamic overloads obtained as stated before feed the
main model to obtain the vibrations generated by rail cor-
rugation. From this analysis, it may be concluded that the
overloads transmitted to the track due to corrugation are
highly influential in the maximum acceleration generated
by the vehicle, but also the effect of vehicle speed is very
significant.
The model described in this paper may be used as an
aid to maintenance of railway infrastructure. Overall, for a
given stretch of track, tram vehicles usually travel at the same
speed. Moreover, according to [2] given the main features
of a stretch of track and of those vehicles traveling through
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it, wavelength of rail corrugation may be predicted. Then,
being the maximum allowable values for vibrations fixed for
a particular stretch of track, model can predict from which
corrugation amplitude maintenance operations are needed.
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